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Abstract. We investigate Cuntz-Pimsner C*-algebras associated with certain corre- 
spondences of the unit circle T. We analyze these C*-algebras by analogy with irrational 
rotation algebras Ag and Cuntz algebras O n . We construct a Rieffel type projection, 
study the fixed point algebras of certain actions of finite groups, and calculate the en- 
tropy of a certain endomorphism. We also study the induced map of the dual action of 
the gauge action on if -groups. 

1. Introduction 

In [KWJ, Kajiwara and Watatani introduced a C*-algebra Or associated with a rational 
function R as a Cuntz-Pimsner algebra of a Hilbert bimodule over A = C(Jr), which is the 
algebra of continuous functions on Julia set Jr of R. They proved that if the degree of R is 
at least two, then a C*-algebra Or is a Kirchberg algebra (purely infinite, simple, nuclear, 
separable C*-algebra) satisfying UCT. In this framework, one of the most important issues 
is to observe relations between C*-algebras Or and complex dynamical systems. But it 
is also important to examine the properties for elementary rational functions. 
The Cuntz algebras and the irrational rotation algebras have been examined by many 
authors. These algebras are simple and universal C*-algebras with certain commutation 
relations. They have their own properties, which are not easily observed in more general 
C*-algebras. 

In this paper, we deal with a C*-algebra 0( m ,„) (T) which is generated by two elements 
z and 5*i with commutation relations z n S\ = Siz m , Y^=o z i SiSlz~ t = 1. This C*-algebra 
include the above C*-algebra Or associated with the elementary rational function R(z) = 
z n on Jr = T. Our algebras have appeared in several papers (for example, a groupoid 
C*-algebra [Pea] and a topological graph C*-algebra [Katj ). The main purpose of the 
present paper is to examine specific properties of our algebras like Cuntz algebras O n and 
irrational rotation algebras Ag. In fact, our algebras contain Cuntz algebras as subalgebras 
and are generated by two elements like the C*-algebra Ag. 

This paper is organized as follows. In section [21 we give some preliminaries. In section 
[31 we construct a projection on matrix algebra over 0( mn )(T) for (m, n) = (1,2). This 
construction is similar to that of the C*-algebra Aq presented by Rieffel |Rie] . In section 
HI we discuss the C*-subalgebras of 0( mtn )(T). In the case of the C*-algebra Ag, for any 
positive integer k, A^g is naturally a C*-subalgebra of Aq. We treat an analog of this 
problem for C( m n )(T). We apply this result to obtain the fixed point algebra of a cyclic 
group action on (9( m n )(T). Moreover we determine the fixed point of a symmetry action. 
In section [51 we calculate the entropy of a certain endomorphism that seems like Cuntz's 
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canonical endomorphism. In section El we consider the gauge action and its dual action of 
C(m,n) (T) . In particular, we investigate the induced map of the dual action of the gauge 
action on A-groups. As a corollary, we obtain another computation of A-groups. 

2. Preliminaries 

In this section, we recall the Cuntz-Pimsner algebras and introduce the C*-algebras 
0( mn )(T). A (right) Hilbert A-module A is a Banach space (whose norm is || • H2) with a 
right action of a C*-algebra A and an A- valued inner product (-, ■) satisfying: 

(1) (f,ga) = (f,g)a 

(2) (f,g)* = {gj) 

(3) (/,/}>0and ||/i| 2 = |K/,/>!r /2 

for f,g G A and a G A. The Hilbert A-module is finitely generated if there exists 
{ u i}i=i C A such that / = Y17=i u i( u ii f) f° r an y / e X. A Hilbert A-module A is full 
if span{(/, g)\f, g G A} = A. We only use finitely generated full Hilbert bimodules. For 
a Hilbert A-module A, we denote by L(X) the C*-algebra of all adjointable operators 
on A. For f,g G A, the rank-one operator 6f t9 G L(X) is defined by Of, g (h) = f{g,h) 
for h G X. Set K(X) = span{0/ )S |/, g G A}. If A is finitely generated by {uA-f =1 and 
(ui,uj) = Sijl, then L(A) = K(X) and A(A) is isomorphic to M n (A) via {-Uj}™ =1 . 
We recall the Cuntz-Pimsner algebras. Let A be a C*-algebra and A be a full Hilbert 
A-module that is finitely generated by {wi}™ =1 and let : A — > L(X) be a faithful *- 
homomorphism. We shall define a left action by a ■ f := 4>{fl)f for a G A, / G A . Then the 
Cuntz-Pimsner algebra Ox is the universal C*-algebra generated by A and G A} 

with the following relation: for a, b G A, /, g G A, a, /3 G C, 

n 

S a f+f3g = otSf + (3S g , a ■ Sf ■ b = S a .f. b , SfS g = (f,g), j^S^S*. = 1. 

i=l 

Let us define the C*-algebra 0( m , n ) (T) for m, n G N using the Cuntz-Pimsner construc- 
tion. Set f2( m ,„) = {(t m ,f ) G T x T|t G T}. Set A( TO>n ) = C(fi( m , n )). Then A (m>n ) is a 
C(T)-C(T) bimodule by 

(a ■ / • b)(x,y) = a(x)f(x,y)b(y) 

for a, 6 G C(T),f G A( mi „), (x, y) G 0( m ,n)- We introduce a C(T)-valued inner product 
(-,•) on A (m>ri) by 

(f,g)(y)= Yl f( x ,y)g( x ,y) 

for f,g£ A (m>n ) and j/ G T. Put ||/|| 2 = ||(/, /)||^ 2 . The n A(m , w ) is a full Hilbert 
bimodule over C(T) without completion (see Corollary 2.3 of [KWJ). Let us denote the 
greatest common divisor of m, n G N by gcd(m, n). In this case, the Hilbert module 
X( m ,n) is a finitely generated by Ui(x,y) = -^x 1 ^ 1 (i = 1, • • • , n := n/gcd(m, n)) and 
{ M i}r=i satisfies (ui,Uj) = Moreover X( m ,n) is isomorphic to A( mo no ) as a Hilbert 

module where m = m/gcd(m, n). Thus we always assume gcd(m, n) = 1. 
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We denote Si = S Ui for simplicity. Let z be an element of C(T) defined by z(x) = x 
for any x G T. Then 0(m,n) (T) is the universal C*-algebra generated by a (full-spectrum) 
unitary z and isometries S±,- ■ ■ , S n with the relation 

n 

zSi = S i+1 (1 < i < n - 1), z£ n = S^z™ ^ = 1. 

We will often use this relation. From this relation, we notice that 0( m ,n) (T) is generated 
by the two elements z and Si. 

For k G N := N U {0}, we define the set wi k) of fc-triples by W { n ] = {0} and W { n ] = 

{{ii,i2,--- e {1, •••,7i}}. Set W n = Ur=o^ fc) - For ^ = •••,«*) e W„, 
we denote its length /c by |/i| and set = S^S^ ■ ■ ■ S ik . Note that |0| = 0, = 1. 
For /i = (zi, • • • , ifc), z/ = (jx, • • • ,ji) G W n , we define their product jiu G W n by \w = 
(it, ■ ■ -ik,ji, ■ ■ • ji)- Using these notations, since X( mj „) is finitely generated, C( m , n )(T) is 
presented by 

(m ,„)(T) =span{^ fc S:|A; G Z, i/ G W n }. 

There exists an action a : T 3 t i — > « t G Aut(C( TOi7l )(T)) with a t {Sf) = tSj 
that is called the gauge action. The fixed point algebra C( mi „)(T) a by the gauge ac- 
tion is the (m,n)-type Bunce-Deddens algebra B( m>n ) := lim {M ra fc(C(T)) ; 0^} where 

fc : M nfc (C(T)) — ► M„ fc+1 (C(T)) is defined by 



/a ••• \ 

Xti 

fe (a) = : •-. : 

\0 ■■■ a J 



(a G M n (C)), 0, 



z \ _ ( 

i n fc_x o y \ i n fc+i_i 



M I I u I 



The element S^z S* G (9( mjn )(T) a corresponds to 2 (g) = z © e Pl ^ (g) • • ■ © e 
where is the (i, j)-matrix unit. 

We shall discuss about some properties on C( mjn )(T). Recently, Katsura showed that some 
his algebras, so-called topological graph C*-algebras, are Kirchberg algebras satisfying 
UCT. Our algebras 0( m<n )(T) are contained in his algebras. Katsura also computed these 
^-groups in Appendix A of [Kat3j. 

Theorem 2.1 (Katsura [Kat3j). Suppose that gcd(m, n) = 1. 

(1) For m > 1, n > 2, 0( TO) „)(T) are Kirchberg algebras satisfying UCT. 

(2) (a) For n>2, K (O { [ )n) (T)) = Z © Z n _ 1; i^i(0(i, n )(T)) = Z. 

(b) For m > 2, ^ (O (m ,i)(T)) = Z, K^O^T)) = Z © Z m _L 

(c) For m,n > 2, K (O {m>n) (T)) = Z n _ 1; i^i(0( m ,„)(T)) = Z m _ x 

where Z& is tie cyclic group Z/A;Z. 

Proof. Since we use the computation of i^-groups in Section EOl we give a brief discussion. 
For the general Cuntz-Pimsner algebras Ox associated with (A, X, <ft), Katsura gave the 
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six-term exact sequence (without the KK-theoretic method): 

K (A) K (A) K (O x ] 



Si 



So 



MO x ) ^- K t {A) K X {A) 

where i : A — ► Ox is the natural inclusion and for the case where X is finitely generated 
by {Mj}™ =1 satisfying (ui,Uj) = <5jj, the map [X], are the following composition maps: 

[X] t : Ki{A) ^ Ki{M n {A)) Ki(A). 

Now, we consider our algebras 0( m , n )- Since K (C(T)) = Z[l] , Kx(C(T)) = Z[z]i, and 
for the left action <f> : C(T) — ► L(X (m>n) ) = M n (A), 

/l ••• 0\ 



Hence, [0(1)] o ,m„(c(t)) = n[l] ,c(T)), [0(^)]i,M n (C(T)) = m[«]i,c(i))- Consequently, [X {nijn) ] 
is an n-times map and [X( m n )]i is an m-times map on Z. □ 

When m > 2, n = 1 for (9( m>n )(T), the C*-algebras C( m> i)(T) are not Kirchberg algebras: 
in fact, they are not simple. Moreover, these algebras are transformation group C*- 
algebras on solenoid groups and they have been systematically examined by Brenken- 
J0rgensen [BJJ, Brenken |Brej . We recall the solenoid group. Define 



oo 

S m = {(xi)Z e II T \ x T + i = N )}. 



=0 

Then S m be a compact connected abelian group: it is called the solenoid group. We refer 
to [Wil2j for the solenoid. Let us define a group automorphism a on S m by a(x)i = x i+ i 
for x G S m . Then (9( m l )(T) is isomorphic to the crossed product C(S m ) x CT Z [KW 2J . For 
completeness, we give a brief proof for some properties on solenoid C*-algebras examined 
by Brenken- J0rgensen [BJ], Brenken |Bre] . 



Theorem 2.2 (Brenken- J0rgensen [BJ] . Brenken |Brej ). 

For m>2, the solenoid C* -algebra O m (T) = C(S m ) x CT Z is NGCR, AF-embeddable, 
non-simple, residually finite dimensional. 

Proof. For x G S m , define 0(x) = {o~ k (x) G S m \k G Z} and _D m = {x G X|0(x) is dense in S m }. 
Then D m is a dense set of S m . Hence, there exist x, y G 5^ such that 0(x) ^ 0(y) and 
0(x) — S m = 0(y), where 0(x) is the closure set of 0(x) in S m and the consequence of 
this observation induces the orbit space of the dynamics (S m , a) to not be a T -topological 
space. Hence, C(S m ) x CT Z is NGCR (see Section 8 of |Wil] ) . 

For k > 1, let Per fc (a") = {x G S m \a h (x) = x, a\x) ^ x(l < I < k)} be the set of fc-period 
points. Then for any k > 1, Perfc(cr) is not empty, and moreover Per(cr) := U^Per^cr) 
is a countable dense set in S m . Hence the non-wandering set of (S m , a) coincides with 
S m . These results imply that C(S m ) x CT Z is AF-embeddable according to the a work of 
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Pimsner |Pim2j and non-simple (the existence of a periodic points implies that a is not 
minimal) . 

Let us state that C(S m ) X a Z is residually finite dimensional. We shall show that there 
is a countable family {ir n } of the representations for finite dimension C*-algebras such 
that 7r := ©„7r n is faithful. For each x G Per (a), let k x be the period of x and let us 
define p x : C{S m ) — M kx (C) by p x (f) = dmg(f(x),f(a(x)),---,f(a k ^ 1 (x))) and for 
each zeT, let us define a unitary u xz by 



'U, 



z 



Then (p x ,u XtZ ) satisfies the covariance relation, and we denote the covariance representa- 
tion by ir x ,z ■= Px x u x ,z ■ C(S m ) x CT Z — > M fcx (C). Set 

7T,:= tt^ : C(S m ) x CT Z^ M fe (C). 

a;6Per(cr) zGPer(cr) 

Let {zi}^ be a dense set of T. Set ir := ©^7^. We shall show that n is a faithful 
representation. 

Let a G C(S m ) x CT Z be a positive element such that 7r(o) = 0: this implies vr 2; (a) = 
for I G N. Since T 3 z 1 — > 7T z (a) is continuous, 7r 2 (a) = for any z6l For w G T, let 
us define an automorphism on Mk x (C) by A« (%•) = w l ~ j eij, where is the 
matrix unit. Set X w := (B x( zpev(a)^w \ Let ^ : C(S m ) x CT Z — > C(S m ) be the (canonical) 
faithful conditional expectation. Then 

0= [ \ z ( [ \ w (n z (a))dw)dz = ^(a)). 

Since Per(a) is dense in S m , \I/(a) = and since \I/ is faithful, we can conclude that a = 0. 
Consequently, 7r is a faithful representation. □ 



3. RlEFFEL-TYPE PROJECTION ON MATRIX ALGEBRA OVER 0(i >2 )(T) 

In |Rie] . Rieffel explicitly described some projections in the irrational rotation algebras 
Aq and obtained the value that the trace has on them. In this section, using a similar 
method to |Riej . we would like to construct a projection on M 2 ((9(i )2 )(T)) which is not 
von Neumann equivalent to 1. 

3.1. Construction of projection. We shall construct a projection of d9( 1)2 )(T). Define 
a *-homomorphism <p : C(T) — ► C(T) by <p{a)(t) = a(2t) for a G C(T),t G T = [0,1). 
Let us define an element on M 2 (C( 1)2 )(T)) by 

P= (Pu p n\ = ( S i a i + <K a o) + aiS? S 2 a x + brS* 2 \ 
V p 2i P22) V Stbx + axSl S 1 b 1 + <j ) (b ) + b 1 S* l J 

where ao,ai,&0;&i £ ^ are real-valued functions. Then P is a self-adjoint from the con- 
struction. We will show the following theorem in this section. 
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Figure 1. Graphs of functions a®, ai, bo, b±. 



Theorem 3.1. Suppose that (m,n) = (1,2). Then we can construct a projection P 
of M 2 ( C(i,2) (T)) that is not von Neumann equivalent to 1 and [P] is —4 of the group 
K (C(i j2 ) (T)) = Z. Let tp be the \og2-KMS state for the gauge action (see |KWj ) and r 
be a normalized trace on M 2 (C). Then ® r(P) = jq. 

Proof. We need to investigate how to impose conditions in order to satisfy P 2 = P. 
First, we shall see that P\\ = PuPu + PnPi\- The right-side term becomes 

P\\P\\ + -P12-P21 

= 4>(al) + a\ + b\ + 0(a 2 ) + Si (ai(a + 0(a o ))) + (ai(a + ^(ao)))^ 

+0(ai)0 2 (a 1 )SiS 1 + 0(a 1 )0 2 (6 1 )S 2 S 2 + S* S^(ai )0 2 (ai) + S 2 *S*0(ai)0 2 (6i) 



To obtain the equation P n = PnPn + -P12-P21, we have to impose the following conditions: 

(1) 0(a o ) - <f>{al) = a\ + b\ + 0(a 2 ) 

(2) ai(a + <p(a )) = a t 

(3) ai<p{ai) = O,ai0(6i) = 0. 

Let us take ao to be 



4(t - |) if t e 
a (t) = <J l-8(t- |) if t G 




1 3 

2' 4 
3 7 

4' 8 

otherwise 



and also define a\,b\ by 



ai (t) = f Vt^M^WbW) if *e [f, J] 6l(t) = ( if *e[il] 







otherwise 



otherwise 



We can check that these functions satisfy all the conditions. 
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Next, we shall check that P 22 = P21P12 + -^22-^22- 
-P21-P12 + -P22-P22 

= (j){bl) + a\ + b\ + 0(6?) + 51(61(60 + 0(6 O ))) + (61(60 + <j>(bo)))Sl 

+<J ) (b 1 )<J ) 2 (b 1 )S 1 S l + 0(6 1 )0 2 (a 1 )S i 2 S 2 + StS^ih^ih) + S* 2 S*2(j ) (b l ) ( j ) 2 (a 1 ) 



To obtain the equation P 22 = -P21P2 + -P22-P22, we have to impose the following conditions: 

(1) 0(6 O ) - <P(b 2 ) = a? + 6? + 0(6?) 

(2) 6 1 (6 O + 0(6 O )) = 6 1 

(3) 6x0(60 = 0,6x0(00 = 0. 

To satisfy these conditions, we define 6 by 



60 (t) 



-8(t-j 


1 



if t e 
iite 

ate 
ate 
iite 



Next, we have to check that the off-diagonal part Pi 2 
P 22 P 2 i is also affirmative. 



[0.3] 

1 1 




.4' 2. 
1 1 




.4' 2. 

1 3 




.2' 4, 

! 1 

.4' 




Pll-pL2 + ^12^22, -Pi 



P21P11 + 



P\\Pl2 + -P2-P22 



5*201 (OO + 0(&o)) + (0(^0 ) + 6 ) 61 ^ 



and to compare the both terms, we need to impose a o + 0(6 o ) = 1 on supp(ax) = [3/4, 7/8] 
and 0(a o )+6 o = 1 on supp(6x) = [1/4, 3/8]. But this equation is correct from the definition 
of functions. Consequently we conclude that P is a projection on M 2 (0(i )2 )(T)). 

-4 in#o(0(i, 2 )(T)) = 







3.2. Proof of [P] = -4 in K (O (lt2 ){T)). Let us examine [P] 
Z. We recall an exact sequence 

— K(P(X ( i, 2) )) — ^ lj2) (T) 0(i, 2 )(T) 

where i^(P(X( 12 ))) is the C*-algebra generated by one-rank operators on Fock space 
P(X( 12 )) and 7( 12 )(T) is the Toeplitz C*-algebra (see [Pimj ) . From the six-term ex- 
act sequence in the proof in Theorem 12.11 we can show that the exponential map <5 : 
K (On t 2)(T)) — > K 1 (K(F(Xn,2)))) is a group isomorphism. Let us observe <5 ([P]o)- 

There exists a projection Q e L(F(Xn,2))) such that T U1 T* + T U2 T* 2 + Q — 1. Set 
Ti = T Ui {i = 1, 2) and set an element H in M 2 (7( 12 )(T)) by 



H 



H21 



H12 
H22 



Tiai + 0(a o ) + a x T* T 2 a 1 + 6iT| 
T 2 6 a + ai T* Ti6i + 0(6 O ) + ftiTj* 



# satisfies vr( 2 )(P) = P. From the definition of 8 , 5 [P] = [exp(27riif)]i mK 1 (K(F{X ilfi) ))). 
We can check H 2 = H — diag(0(a?)Q, <fi(b\)Q). Moreover, we can calculate 



m—2 



H m = H — diag(^ 0(a o fc )0(a?)Q, ^ 0(6 o fe )0(6?)Q 



fc=0 



fc=0 



for m > 2. Let us define Ai = Xsuppax = X\* i], A 2 = Xsuppfcx = Xa Si, where xs is a 

L 4 ' 8 J L 4 ' 8 J 

characteristic function on 5 C T. Then = (0(oq) — 0((Jq))Ai = (a — ao)Ai ana ^ 

m—2 m—2 

aS a i = a o(«o - a 2 )A 1 = (a - ag*)Ai. 

fc=0 fc=0 

In the same way, we can show that 

m-2 

= (6b - C)A 2 . 

fc=0 

Hence, 

H m = H- diag(0((ao - <C)Ai)Q, 0((6 O - &[T)A 2 )q) 
for m > 2. This is also affirmative at m = 1. Hence, 

exp(2mH) - 1 = diag((exp(2vu0(a o Ai)) - l)Q, (exp(27ri0(&oA 2 )) - 

Consequently, 

oW^'fn - /exp(27rz0(a o A 1 ))g \ A - Q \ 

Pl j - ^ exp(27rz0(6 o A 2 ))g J + ^ 1 - Qj ' 

Next, the map K^A) — > K 1 {K{F{X(i tS) ))) defined by 

Ki(A) 3 [zl .— [zQ + (1 - Q)]i G ifi(ir(F(X(i )2 )))) 
is a group isomorphism (cf. [Pimj ) : hence, <5o[-P]o — [exp(27rzif)] 1 can be regarded as 
[ diag(exp(27r#(a A 1 )), exp(27ri0(6 o A 2 ))) ] 1 in ^i(C(T)). 

From the graphs of eto, bo, this element is [z~ 4 ]i in Ki(C(T)). Hence, we have finished the 
proof of [P} = -4. □ 

4. SUB ALGEBRAS OF C (mi „)(T) AND CYCLIC GROUP ACTIONS 

4.1. Subalgebras of 0( TO>n ) (T) . Let be an irrational number. Then the C*-subalgebra 
C*(u k , v) of the irrational rotation algebra Ag generated by u k and v is isomorphic to A^g 
from the relation u k v = e 2mk vu k and from simplicity. Moreover, the subalgebra C*(u, v k ) 
of Ag is isomorphic to A^g. We would like to consider the corresponding problem for 
C(m,n)(T) i.e., we shall discuss the C*-subalgebras C*(z k ,Si) and C*(z,S k ) of 0( m , n )(T). 
First, we consider some easy cases. 

Lemma 4.1. Consider 0( mjTl )(T) for m > l,n > 2 and gcd(m, n) = 1. Tien we nave the 
following: 

(1) The C* -subalgebra C*(z, S k ) of 0( m>n )(T) generated by z and S k is isomorphic to 
0(m k ,n fe )(T). 

(2) If k\n (n is divided by k ), then the C*-subalgebra C* (z k , Si) of 0( m ,n) (T) generated 
by z k and S\ is isomorphic to 0( m>n ) (T) . 



Proof. (1) Put Sj = 1 S k for j = 1, • • • , n k . Then we can easily check the relations 

n k 

zS n k SiZ , S^ Sj — — 0~ij i ^ ^ SiS^ — — 1. 

1=1 

Hence, (m , n) (T)=C*(z,^). 

(2) Since k\n, there is a p G N such that n = A;/. Hence, G C*(z k , Si). The relation 
S^^S*! = z m implies that z m G C*(z k , Si). Since gcd(m, n) = 1, there exist p, q G Z such 
that mp + nq = 1 and hence z G C*(z k , Si). Since z is one of the generators of C( mi „)(T), 
we have C*(z k , Si) C (m , n) (T). □ 

Below, we discuss for the general case of A; G N. 

Proposition 4.2. For m > l,n > 2, and gcd(m, n) = 1, consider a C*-algebra 0( miri ) 
generated by z and Si. Then the C*-subalgebra C*(z k , Si) of C( m , n )(T) generated by z k 
and Si is isomorphic to C( m , n )(T) for any fceN. 

Proof. If gcd(A;,n) > 2, then we can reduce the case of gcd(/c,n) = 1 using the relation 
Slz n Si = z m . Let represent k, n as k = p a pi,n = p^p2, where p is a prime number and 
Pi,P2 do not contain p as factors. Suppose that a > f3 then kp2 = (p a ~^pi)n and 

C*{z k ,Si) 3 S* lZ kp2 Si = S* l z {pa ^ Pl)n S 1 = z P a ~ fJ p^ m . 

Since e C*^,^) and gcd(m,n) = 1, we obtain ^ pa_/3pi ) G C*(z fc ,Si). 

Repeating this process, we may assume that a < j3. Then kp l3 ~ a p2 = pin and 

C*{z k ,Si) 3 S* 1 z kp ^ ap2 S 1 = S* lZ pin Si = z pim . 

which also implies that z Pl G C*(z k , Si). Moreover C*(z k ,Si) = C*(z Pl ,Si) because 
(z Pl ) pa = z k . Continuing this process, we can reduce the case of gcd(/c, n) = 1. Hence, it 
is enough to consider the case of gcd(A;,n) = 1. 
Since gcd(/c, n) — 1, 

{{q - l)k (mod n)\l < q < n} = Z n . 

Hence, for any 1 < q < n, there exists < l q < (n — 1) and p q G Z such that (g — 1)A; = 
Z 9 + np q . For 1 < g < n, put S g = z^ k Si. Then 

ri n n n 

J2s q S* q = ^(z^S^z^Si)* = ^(^^X^Si^)* = J](^«S , i)(z , «S , i)* 

g=l q=l q=l q=l 

n 

= £>5? = 1 

i=l 

If we put w := then w is a full spectrum unitary and for 1 < i < n — 1, 

n 

tuSi = toS„ = Siw m , ^ s k s l = !■ 

fc=i 

Hence, (m , n) (T) C*(z fe , Si) = C*(w, Si) □ 
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4.2. Actions of cyclic groups on C( m n )(T). In |IKW] . for the C*-algebras associated 
complex dynamical systems, Izumi-Kajiwara-Watatani studied automorphisms arising 
from symmetries of the dynamical systems. In the case of R{z) = z n (whose C*-algebra is 
O (i,n))> the dihedral group Z n _i x Z2 acts on the C*-algebra 0(i jn )(T) (see Example 8.3 in 
|IKWj ). They show that this dihedral action is outer. In this subsection, we shall consider 
extending this action on 0( mn )(T). Define a Z| n _ m |-action (3 : Z| n _ m | — > Aut(C( m n )(T)) 
by 

(3 t : z\ — >tz, Si 1 — > Si. 
for t G Z| n _ m |. Furthermore, we shall define a Z2-action a G Aut(0( mn )(T)) by 

a : z 1 — ► z~ , Si 1 — ► Si. 

We can easily check that these actions are well-defined. We shall show that these actions 
are outer by an elementary method. 

Proposition 4.3. Suppose that m > l,n > 2 and gcd(m,n) = 1. Let (3, a be group 
actions on 0( m ^ n ) (T) defined as above. 

If \n — m\ > 2, then Z| ra _ m | -action (3 is outer. The Z 2 -&ction a is also outer. 

Proof. First, we shall show that (3 is outer for \n — m\ > 2. This is an well-known 
argument, but we give a proof for completeness. Suppose that there exists t e Z| n _ m | 
with t 7^ 1 and u G 0( TOin )(T) such that (3 t (x) = uxu*. Let us represent 0^ n ){T) on the 
Hilbert space Z 2 (Z[l/m]) with CONS {ek}k&[i/m] by 

ze k = e k+ i, Sie k = e™ k -\- 

m 

We can check that this representation is well-defined. In particular, S^eo = eo- Since 
Pt(S2) = tS2, we get tu*eo = u*eo, which implies that t = 1. This is a contradiction, so 
we conclude that (3 is outer for \n — m\ > 2. 

Next, we shall show that cr is outer. Suppose that there is a unitary w G 0( m ^ n )(T) such 
that a(x) = wxw* for x G 0( mn )(T). We consider another representation on Z 2 (Z[l/m]) 
by 

ze k = e k+ i, S x e k = eiL k . 

Then we shall show that w can be identified by we k = e^ k (k G Z[l/m]). Since wSi = Siw, 

we = wS^e = S^we G S%l 2 (Z[l/m\) = span{- • • , e_ (n/m)fc , e , e (n/m)fe • • • } 

for any k G N. This says that there exists A G T such that weo = Aeo since w is a unitary. 
Because wz k = z~ k w for any k G Z, 

we k = wz k eo = z~ k weo = z~ k Xeo = Xe- k . 

For p/m q G Z[l/m] (p G Z, q G No), there exists r, s G Z such that p/m q = (n/m) q r + s. 
Then 

we p / m q = wz s Sfe r = z~ s S\we r = \z~ s Sfe- r = Ae_( n / m ) 9r _ s = Ae_ p / m? . 
Hence, we can assume that we k = e_ k for k G Z[l/m]. 

We would like to obtain a contradiction for w G C( mjn )(T). Since we supposed that 
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w G 0( mi „)(T), there exists K G N , fa, Vi G W, fc^eZ such that 



i=l 



< 1. 



On the other hand, for each monomial S^z^S*., there exists at most one element pi G 
Z[l/m] such that S^z^S*^ = e- Pi . Hence for q G Z[l/m] \ {pi]f =1 , 



w 



K K 
i=l i=l 



> \\e-g\\ = 1 



where 9i,j(^) = (£,fy)p(z[i/m]) e j is a rank-one operator. This is a contradiction. Hence a 
is outer. □ 

4.3. Fixed point algebra of Z| n _ m |-actkm. We shall check the fixed point algebra of 
Z| n _ m |-action (3. Let us denote k = I by k — I mod \n — m\. 

Proposition 4.4. Suppose that m > l,n > 2, and gcd(m, n) = 1. Moreover, we assume 
that \n — m\ > 2. Then the fixed point algebra of 7L\ n _ m \-action [3 defined in Section 
[His the C*-subalgebra C* (z^ m \ , Si) of (m , n) (T) generated by z\ n ~ m \ and Si, which is 
isomorphic to Of m ,n) C^) °y Proposition \4.2[ 

Proof. The inclusion C*{z\ n ~ m \ , S{) C {m>n) {Tf is trivial. We shall show that £> (m>n) (T)^ c 
C*( z \ n - m \,Si). 

Since C , ( m ,, n )(T) is spanned by S^S* (i;eZ,/j,i/G VV„), we shall consider a monomial 
S^S*. Suppose that S^S* G C( m , in )(T) /3 : then the indices k,fi,u satisfy 

H M 
^ (// . _ i) + fc _ j^. _ i) = o. 

i=l 3=1 

Since gcd(n, \n — m\) = 1, there is an integer p x such that 71 := (fa — 1) + pin = 0. 
Moreover, for fa — 1 — pim G Z, there is an integer P2 such that 72 := (fa — 1 — 
Pirn) + p2n = 0. Repeating this process, we find that there are {pi}'^ sucri that 7* : = 
(fa — 1 — Pi-im) + = (i — 2, • • • , |/i|). Hence, 

S M = ^ 1 - 1 5 , 1 2« , - 1 5 , i---^m- 1 5 , i 

_ z Mi-l+Pi«5 , 1/ 2(M2-l-pim)+p 2 n > g' i . . . z (p\p\ -l-?V|-im+p| M | n c g-p^m 
= Z n S 1 Z 1a S 1 -"Z^S 1 Z- p M m 

Furthermore, there are integers such that 81 := (v\ — 1) + p\n = and 8{ : = 

(fj — 1 — pi-im) + = (z = 2, • • • , Then 

S u = z Sl S 1 z S2 S l ---z s ^S 1 z- q ^ m . 

Hence, we obtain 

S^S* = z' yi S 1 z' y2 S 1 ■ ■ ■ z^mS^-pm^+^SIz- 5 ^ ■ ■ ■ S* lZ - 52 S* lZ - Sl . 
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Then 

o = j>-i> 

i=l i=l 

M M ImI-i M-i 

i=l i=l i=l i=l 

= + 2Vl m _ Q\v\m. 

Hence, we obtain ji,Sj, —p^m + k + q\ v \m G \n — m|Z and this implies that S^z k S u G 
C*(zl n - m l, Si). Hence we conclude that (m , n) (T)^ C C*(zl n " m l, Si). □ 

4.4. Fixed point algebra of symmetric action. We shall determine the fixed point 
algebra of the Z 2 -action a defined in Section 14.21 In this subsection, we shall show the 
following proposition: 

Proposition 4.5. Suppose that m > l,n > 2, and gcd(m, n) = 1. Let a be tie Z 2 - 
action on 0( m>n )(T) defined in Section EOl Then the fixed point algebra C , ( m , n )(T) CT is a 
Kirchberg algebra satisfying UCT and its K-group is following: if m is even, then 

K (O M iTY) = Z n _i, ^i(0(m,n)(T)°') = 0, [1] = 

and if m is odd, then 

^o(0 (m ,n)(T) CT ) = Z[l] © Z„_i © Zn_!, ATi (0 (m , n) (T) CT ) = Z. 

Proof. First, we compute the .fT-groups of C , ( mjn )(T) CT . Since 0( mjTl )(T) is simple and cr is 
outer, C , ( mi „)(T)°" is Morita equivalent to C( m>n )(T) x CT Z 2 . Hence the group ijf i (0( m>n )(T) <T ) 
is isomorphic to i£i(0( mjn )(T) x CT Z 2 ) (i = 0, 1). If w is the unitary of 0( m>n ) (T) x CT Z 2 
implementing a, then elements in the crossed product have the form x + yw where x, y G 
0( m)n )(T). To compute fT-groups, we construct another Cuntz-Pimsner algebra. We 
define a Z 2 -action cr on A = C(T) by cr (.2 ) = Zq 1 (where z is the unitary generator 
of A ) and define B = A x CT0 Z 2 with implement unitary Wq. Let K = with 
the right _B-action defined by ' & = (M)"=i fc> r (^)™=i G Y, 5 G L?. Let us put 

a'i = (0, ■ ■ ■ , 1, ■ • • , 0) 6 y for i = 1, • ■ ■ , n. Define a i?-valued inner product by 

n 

m i M)i)B = Y. h * h 'i- 

i=l 

Then Y is a full Hilbert -B-module with this inner product. Let us define a left 5-action 
: B — L fl (y) = M n (S) by 





^ 


•• 


• 


~m 
z 


\ 




( w 











\ 




1 


•• 


• 






















0(^o) = 





1 •• 


• 







, <f>(w ) = 








• w z^ 









u 


■• 


■ 1 





/ 




V o 


WoZjJ 1 ■ 








/ 



Then we can check that 4>(w ) is self-adjoint unitary and that <p(w )(f)(z )(j)(wo) = (f)(z ) 
Hence, is a *-homomorphism. In fact, is faithful: 
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Lemma 4.6. JS faithful. 



Proof. Define E to be the canonical faithful conditional expectation from B onto A$. Let 
Oq be the dual action of o"o and let u be the implement unitary of B xg^ Z 2 . Define a 
unitary in M n (B xg^Z 2 ) by U = diag(w, • ■ ■ ,u). Then we can check that Ad(C/)(0(^ o )) : = 
U<f){z )U* = <f>(zo) and Ad(C/)(0(w o )) = -0(w o ). Set E l : = |(id + Ad([/)) : 0(5) — ► 
4>(B), Then £1 is a faithful conditional expectation onto 4>{Aq) and satisfies E\o<f> = (poE. 
Since 0|a o : A — > (p(A Q ) is an isomorphism, the equation E\ o = o E induces the 
faithfulness of 0. □ 

Hence, we can construct the Cuntz-Pimsner algebra Oy from these data. Then C( mjn )(T) x ( 
Z 2 is isomorphic to Oy by both universalities; the isomorphism is determined by 

ip(z) = z , 4>(w) = w , ip(Si) = (i = 1, • • -n). 

Next, let us compute the if-groups of Oy instead of those of 0( TOi „)(T) x CT Z 2 . From the 
six-term exact sequence of Cuntz-Pimsner algebra, we obtain the exact sequence 

id*-[y] 



K (B) 



y 



K (B) 



K X {B) 



K (O 



Y 



id»-[y]i 



K X {B) 



where [Y]i (i = 0, 1) is the group homomorphism arising from 0. 

We recall that K (B) = Z 3 with generators eo := [l]o,ei := + Wo)]o,e2 := [^(1 + 
w z )]o and K^B) = 0. We can show 



[r] (e ) = ne , [Y] (ei) = e x + (n - 1) 
(see the proof of Theorem 12. ip . Since 







1 + WqZq 







[Y]o(e 2 ) 



m: even 
m: odd, 



n 



1 



(1 + 



if m is even, then [Y] (ei) 
ei + (n - l)e 2 and [Y] (e 2 ) 
that 



- ne x , [Y] (e 2 ) = nei and if m is odd, then [Y] (ei) = 
ne 2 . From the six-term exact sequence, we can conclude 



m: even 
m: odd 



Y 





z 



m: even 
m: odd, 



Zei © Z„_ie 2 

Since the isomorphism from K (O( m ^ n )(T) u ) to K (O '( TO)n )(T) x CT Z 2 ) is defined by [p]o i — > 
[|(p + pw)]o, we have determined the K-groups of (9( m , jn )(T) cr in Proposition 14.51 

Since a is outer (Proposition 14. 3f) and C( m>n )(T) is purely infinite simple, C( min )(T) CT is 
purely infinite simple (by using Lemma 10 of [KKj and (9( m) „)(T) <J is a hereditary algebra 
of O 



(m,n) 



J) 



x CT Z 2 
Z 2 



Since C( min )(T)°" is a hereditary algebra of 0( m ^(T) Z 2 and 

) ff is 
is Morita 



is nuclear, 0( m>n )(T) CT is also nuclear. The separability of 0( TO>n )(T 



trivial. Moreover Oy satisfies UCT because B satisfies UCT, and 0( m}n )(T 
equivalent to Oy, so 0( m ,„)(T) CT also satisfies UCT. Hence, we have completed the proof 
of Proposition 14.51 

□ 
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5. Entropy estimate for the canonical endomorphism on 0(i >n )(T) 

For the Cuntz algebra O n , Choda has computed Voiculescu's entropy ( |Choj ) for the 
Cuntz's canonical endomorphism defined by 



i=i 



In this section, we consider an analogy to this problem for 0(i )n )(T) 

For gcd(m, n) = 1 and n > 2, let us defined the canonical endomorphism on 0( m , n ) by 



§(x) = 2^s iX s;, (ieo M (T)). 

Its name is derived from one of the Cuntz algebras O n . Then $ is a *-endomorphism on 
0(m,n)- We would like to compute Voiculescu's topological entropy for $ on (9( l n )(T). 
Our method is similar to that of Boca-Goldstein( [BGj ) 

Let us recall the definition of the Voiculescu's topological entropy( [Voij ). Let B be a 
nuclear C*-algebra with unit. Let CPA(B) be the triples (<j),ip,B), where C is a finite- 
dimensional C*-algebra, and : B — ► C and ip : C — ► B are unital completely positive 
maps. Let Pf(B) be the set of finite subsets of B. For aiiwG Pf(B), put 

rcp(uj; 5) = inf {rank C : (0, ijj, C) G CPA(B), \\ip o 0(a) - a || < 8, a G B} 

where rank C means the dimension of a maximal abelian self-adjoint subalgebra of C. 
Since B is nuclear, for any uj G Pf(B) and 5 > 0, there exists (<j),ip,C) G CPA(B) such 
that ||^ o 0(a) — a|| < 5, a G a;. For a unital *-endomorphism /3 of B, put 

fti(/3, cu; 5) = limsup ^- log rcp(u; U (3(uo) U • • • U ^"^w); 5) 

AT >oo 

and 

at(/9; to) = sup at(/5, cj; S). 

Then (Voiculescu's) topological entropy ht((3) of /? is defined by 

ht((3) — sup ht(P,u). 
u>ePf(B) 

We recall the Kolmogorov-Sinal type theorem. 

Theorem 5.1 (Voiculescu [VoiJ) . Let ujj G Pf(B) such that u)\ C co>2 C ■ ■ ■ and the linear 
span of Uj g N u i JS dense in B. Then 

ht(f3) = sup ht(P, Uj). 

Let y be a state of B with 990/5 = tp. An estimate between ht(f3) and Connes-Narnhofer- 
Thirring (CNT) entropy h<p{f3) ( |CNTj ) is given by 

h v (J3) ^ ht(J3). 

which was proved by Voiculescu ( |Voij ) . 

The C*-algebra On n ^(T) has exactly one logn-KMS state <p for the gauge action of 
C(i,n)- This KMS-state is written as ip = r o E, where r is the unique normalized trace 
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on the (l,n)-type Bunce-Deddens algebra and E is the conditional expectation onto the 
Bunce-Deddens algebra. Our main theorem in this section is as follows: 

Theorem 5.2. Suppose m — 1 and n > 2. Let if be the unique logn-KMS state for 
gauge action of (9(i, n ) (T) . Let <£> be the canonical endomorphism defined as above. Then 
the Voiculescu's topological entropy ht(&) for $ and the CNT-entropy h v {^) for <E> and 
if are both equal to logn; 

h v ($) = ht($) = logn. 
Proof. First, we define a map p r : C(i >n )(T) — > M n r(C) (g) 0(i jTl )(T) for r > 1 by 



)= E 



S u xS u . 



H.M= 



We can check that this map is *-homomorphism and induce the isomorphism between 
(1 , n) (T) and M n r (C) ® (1 , n) (T) . 

For fi G Wn \ we can see \i as Yli=i(f^ ~~ via = 



S^ k . Define 



|/i 



i=l 



for 

Lemma 5.3. Let N > 1 and assume that \a\, \/3\ < s and N + s < r and 1 < I < N. 
Then for \k\ < n s , 



p r o&(S a z k S* ) = < 



x ® Z 90 + X 1 <g) z qo+1 

E|,|=|a|-|/3| (j/0,„ ® V° + yi,, ® V 90 ^ 

E|,|=| Q |-i/3| h/o,„ ® ^ + ® 

e n =i«i-i/ji lv°« ® 3;** + ® 



\a 
\a 

\a 

\a 

\a 



> \P\, k>0 
< \P\, k<0 



where xo, x±, yo^, Ui, v are partial isometries that depend on a, (3, k, and \qo\ < n s 

Proof. We consider the case of k > (the case of k < is similar) and suppose that 
\(5\<\oc\. 



Pr o <S>\S a z k S}) 

H,IH=r|7N M=r-J-|a|,M=r-H/3| |7N 
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Let us put x^ v = J2\-y\=i e M"7,^7' and P = r - I - \(3\. Then 
p r o<f> l (S a z k S;) 

\n\=r- l-\a\,\v\=p 

n s-p 

= E ( E ^,®^% + E E x,, v ®s;z k s 

\fi\=r-l-\a\ {v\S<\W\\ P <nP-k-l} q=l {v\qnP-k<\\u\\ p <(q+l)nP-k-l} 

n (s-p) 

E ( E ^.i ® ^ + E E ^ ® ^ v) 

| A4 |=r--;-| Ce | 0?|fc<h||p<nP-l} 9=1 {r;knP<||^]| p <(g+l)nf-l} 

Let us define 

V = {??G W^|fc< < n p - 1}, V g = {r? G W^ p) |gn p < \\i]\\ p < {q + l)n p - 1} 

for 1 < q < n s ~ p . Then there exists < go < rS s ~'^ such that all V q are empty except 
q = q or q = q + 1. We shall define x^ v = for ||r/|| p < k,n — p + k < \\i]\\ p . 

Pr o<s> l (s a z k s;)= E (E^®^V°+ E 

|/x|=r-J-|a| r^eV,,, *?eV, 0+ i 

If we assume |a| = then 

Pr o$'(^ fc ^) = ( e ^))®^ + ( E 

|/i|=r-J-|a| |/i|=r-«-|a| 

and S| M |=r-j-|a| ^wKm) is a P artial isometry. If |a| > then 

Pr o ^{Sazl'S}) = E ® V° + x M „) it7 ® 5^ 90+1 ) , 

M = l«H0l 

where x^ v ), v are partial isometries. 

If we take the involution, we get the case of |a| < \@\. □ 
Let us define 

co(s) = {S a z k S;\ \(3\,\a\<s, \k\<n s } 
which is increasing for s G N and the linear span of the union is dense in C( l n )(T). Since 
C(i,n)(T) is nuclear, there exist unital completely positive maps O : C(i,n)(X) — > M R (C) 
and : M R (C) — ► 0(i,„)(T) such that 

E (ll^o ° 0o(S^) - V|| + 11-00 o M^S V ) - z«Sj 

\q\<n 3 

+Uo o ^o(^) - ^ii + 1^0° <m^) - S^||) < ^ 

for < |?7| < s, \q\ < n s . Let us define : (ln) (T) — ► M fl (C) <g> M n r(C) and ^ : 
M fl (C) <g> M n , (C) — (1 , n) (T) by 

= (id <g> 0o ) ° Pr, ^ = P7 1 ° ( id ® ^o)- 
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where r = s + N. Then for S a z k S^ G u)(s), we can show that 

U o o $'(s Q /^) - &{s a z k s;) || < 5 

for < I < N - 1. Hence, 

limsup — logrcp(a;(s) U <&(u;(s)) U • • ■ U $ JV_1 (o;(s)); 5) 

JV — >oo N 

< lim sup — log(i?n r ) = lim sup — (log R + (s + N) log n) = log n 

N — >oo N n — >00 N 

and, using Theorem 15.11 we have finished the proof of ht(<f>) < logn. 

On the other hand, we shall show that logn < h v (Q>). Using the gauge action of C(i jn )(T), 

we can take the conditional expectation onto the Bunce-Deddens algebra <6(i,n)- Moreover, 

we consider T-action on B(i, n ) defined as follow. First, we construct T-action on M k (C(T)) 

which are building blocks of B {1 n) . For t G T, let us define j { t k) : M k (C(T)) — ► M k (C(T)) 

by 

7 t ( * } (/)(*) = ui k) f(t k z)U^* (/ e M k (C(T))) 
where 17$ is the unitary of M k (C) defined by = diag(l,t, • • • Then these 

actions are compatible for the inductive limit system of <B(i,n) ; so we can construct the 
action arising from j^^s; we shall denote it by 7. Then we can check that the fixed point 
algebra Bj x ^ is the continuous functions C(K n ), where K n is the Cantor set, which is the 
maximal abelian algebra of Cuntz algebra. Hence, we obtain a conditional expectation 
onto C(K n ) from $(i )fl ) (and also from 0( 1>n )(T)). Moreover, ®\c(k„) is the canonical shift 
on K n and <f\c(K n ) is the canonical trace, so we obtain h v \ . K J<&\c(K n ))) = l°S n - Hence, 

logn = K\ C(Kn) ^\ C (K n ))) < K{$) < ht($) < logn. 
Consequently h 9 {$) = ht(<&) = logn. 

□ 

6. Dual action of the gauge action and /^-theory 

In [Mat], Matsumoto investigated the dual action of the gauge action on C*-algebras 
associated with a subshift on the level of the iT-groups to study dimension groups for the 
subshift. We follow his argument for C( mn )(T). Here, we compute the behavior of the 
dual action on i^-groups. 

Let a : T — ► (9( mn )(T) be the canonical gauge action and consider the crossed 
product (9( m ri )(T) x a T, which is the universal C*-algebra generated by the *-algebra 
L 1 (T, C( m n )(T)) whose multiplication and involution are defined as follows: 

/ * g(t) = [ f(s)a s (g(s^ 1 t))ds 1 f*(t) = a t Uit- l Y). 

for f,g G L 1 (T, 0( m) „)(T)), t G T. Let a be the dual action of a which is defined at 
the level of functions by a(f)(t) = tf(t). The crossed product 0( m , n )(T) x Q T Xlg Z is 
stably isomorphic to 0( m<n )(T). Let p : T — > 0( TO>n )(T) be the constant function whose 
value everywhere is the unit of 0( m , n )(T). By |Roj . the fixed point algebra (9( m)n )(T) a is 
isomorphic to the algebra Po(C(m,n)(T) x a T)Po- The isomorphism between them is given 
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by the correspondence j : 0^ n )(T) a 3 x i — > x G L^T, C (mi „)(T)) C 0( m>n )(T) x a T 
where the function x is defined by x(t) = x for t G T. 

Lemma 6.1. Tiie projection p Q is full in 0( m , n )(T) x a T. 

Proof. The proof of this lemma is the same as that of Lemma 4.1 of [Mat] . but we 
give it for completeness. Suppose that there exists a nondegenerate representation n of 
0(m,n)(J) x Q T such that 7r(po) = 0. For any x G 0( m , n )(T)> 



x*po(^)= / ^(s)as(Po(s 1 t))ds = x. 
Hence, x * p = x. This implies that x G ker7r. For x G 0( m)n )(T), = k G N, 
xS^^S^ (t) = / xSpfya^Sn (s~H))ds = xSp / a s (a s -i t (S , *)))<is = xS^^S*) = t~ k xS f ,S* l 



and we take the summation for the words of length k, fX/[/x|=fc * J CO = * fc;r - We 

can also show that xS 1 * * S* (t) = t k x for |/i| = A;. Hence any 0( m , n ) (T)-valued function 
of the form T 3 t i — > £ fc x is contained in the ideal ker(7r). This implies that po is a full 
projection in 0( m>n )(T) x Q T. □ 

Since po is a full projection in (,„,„) (T) x a T, there is an isometry v G M((0( m>n )(T) x a 
T) ® K) such that d*u = 1 <g) 1, to* = p ® 1 and 

Ad(v*) : p (O(m,«)(T) x Q T)p ® IK — ► (0 (m , n) (T) x Q T) ® K 

induce an isomorphism. We shall show that we can treat Ad(v*) as an inclusion map 

i ■ Po(0 (m , n) (T) x Q 1> <8> K — > (0 Kn )(T) x Q T) <g> K in if-groups. 

Lemma 6.2. = i^(Ad(u*)) fori = 0, 1. 

Proof. From Proposition 12.2.2 of |Bla] . we can take a continuous path of isometries 
(w t )te(o,i\ m the multiplier algebra M((C( m) „)(T) x a T) ®K) such that u> 4 w^ — > (t — > 0) 
strictly. Put t> t = w t vw^ + (1 — w t w^) for £ G (0, 1] and t> = 1. Then (Adf *(x)) tg [ 0i i] for 
x G Po(C(m,n)(Tr) x Q T)p ® IK is the norm continuous path i.e., Ad(v*) and i are homotopy 
equivalent. Hence, the above path implies that Ki{i) = Ki( Ad(v*)) for % — 0, 1. □ 

First we consider the iT -group. The group Ao(C , (ra,n)(T)°) is isomorphic to Z[l/n] and 



XI 



for any fc G N, [S , fS , f*] corresponds to l/n fc . Note that Ar (O( m ,„)(T) Q ) = K (O (m , n) (T) 
T) by the induced map i[) = K (t o j) : [g] i — > [g] . Let us define a map /3 
^ (O(m,n)(T) a ) — > ^o(0 (m , n) (T) Q ) by ft = ^o" 1 ° ^o(a) ° ^o: 

tf (<V,n)(T) x Q T) ^> K (<V,n)(T) x Q T) 



a 



00 



Lemma 6.3. For any projection q G B {m , n) = C (mi „)(T) a , j3 [q} = [StfS^o- 
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Proof. This proof is the same as Lemma 4.5 of [Mat] . but for convenience, we repeat it. It 
is enough to show that K (a)[q\ = [SiqSf\ in K (O( m>n )(T) x a T). Since q e 0^ n) (T) a , 
we have 

(Si*q)(t) = / Si(s)a s (qXs~H))ds = Si / a s (q)ds = Siq 



(Si * q * Si )(t) = (Si* q)(s)a s (Si (s'H^ds = S ig a t (Sl) = t^S^S*,. 



Hence, a(Si * q * Si )(t) = SiqS^ and this implies that a? (Si * q * Si ) = SiqS*. We can 
easily check that Si * S\ = Pq. Put W = Si * q; then W* * W = q * Si * Si * q = q *po * q = 
q , W * W* = Si * q * Si . This implies that 

K (a)[q} = K (a)[Si * q* S*] = [S^S*] in K (O M (T) x T) . 
Hence, the proof is complete. □ 

Next, we consider the i^i-group. We remark that Ki(0^ n ){T) a ) = Z[l/m] and 
[S^zSf + l-S^Sf]i corresponds to l/m k . The map Vi := K^Loj) : Ki(0 (mtn) (T) a ) — ► 
Ki(O m (T) x a T) is determined by ipi[S%zS%* + 1 - SfS^h = [(SfzS^* + 1 - S , f5fT+ 
1 — po]i, where 1 is the unit of the unitization C*-algebra (Ot m ,n)^) T)L Let us define 
f3i : Ki(O im>n) (T) a ) — > Ki(O imjn) (T) a ) by ft = ^ o Ki(a) o ^; 

Ki(O im>n) (T) x Q T) Ki(O im>n) (T) x a T) 



Ki(0 M (T) a ) Ki(0 {m>n) (T) a ). 
We recall the following lemma (Lemma 1.2 of [Cu]). 

Lemma 6.4. Let B be a C*-algebra. Then for any partial isometry s 6 and unitary 

u e s*sB Jf s*s, 

[u + 1 - s*s]x = [sus* + 1 - ss*]i in ^(S). 

Let us check that /3i is the 1/m-times map at the level of the .fTi-group. It is enough 
to calculate for [z]i. 

Lemma 6.5. fa[z\ x = ±[z\i in Ki(0 M (T) a ) = Z[l/m}. 

Proof. We compute Ki(a)[z+ 1 — Po]i in Ki(0( m ,n)C^) x Q T) instead of /Jifzji. From 
Lemma E3, \z+ (1 — po)]i = [Si * z * Si + 1 — Si * Si ]i. By a similar calculation to the 
one in Proposition 16.31 

a\S!*z*Si +l-Si*Si) = S^S* + 1 - S^S* = £&S* + p - S^S* + (1 - p ) 

= (SizSt + l-SiStr+^-Po)- 

This implies that 

(3i[z]i = [SizS{ + (1 - SiSl)]i in Ki(O m (TY). 
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Note that since Si 0( min )(T) a , we cannot apply Lemma EH The element SizS* + (1 
S^*) is diag(z, l n _i) in B( m>n ) and 



z 

l n -l 



J 1 



1 

m 





ln-l 



J 1 



m 



Mi- 



Hence, = 

We summarize these lemmas below. 



□ 



Theorem 6.6. Suppose that m > 1, n > 1, and gcd(m, n) = 1. Let a be the gauge 
action of 0^ m>n \(T) and a be the dual action of a. For i = 0,1, let ^ : Ki{0( m)n )(Y) a ) — ► 
-^j(C(m,n)(T) Xq-T) be the group isomorphism defined as above. Let Ki(a) be the induced 
map of the dual action a on Ki(0( m , n )(T) x Q T) and define $ := ^ o l'Q(a) o . 
Then /5 is a 1/n-times map on K§{0{, m n )(T) a ) = Z[l/n] and /3i is a 1/m-times map on 
if 1 (0 (m)n) (T) Q )^Z[l/m]. 

We shall give another proof of the computation of iC-groups of 0( m ^ n )(Y) (see also 
Proposition 12.11) . When we apply the Pimsner-Voiculescu six-term exact sequence for 
C(m,n)(T) K = 0( m>n )(T) x Q T xs Z, we obtain the following exact sequence: 

id-i^S- 1 ) 



K x {O m {T)) 



K (O { 



m,n) 



T) X„T) 



Ar (O (m ,„)(T)) 



^l(0 (m ,„)(T) X Q T) ^ AMS ' 1} ^l(0(m,n)(T) x a T) 



Since i^(0 (nvi) (T) ><a T) ^(0 (m , n) (T) a ) (z 
have 



ir o (0 (m ,„)(T) Q ) K (O M {T)°) 



0,1) and from the above argument, we 
► K {O M {T)) 



Ki(0 (m>n) (T)) 



^i(o (m ,n)(T) a ; 



id-/?- 1 



^l(0 (m ,n)(T)^ 



Fromir (O (m , n) (T) a ) = tf (B(m,n)) = Z[l/n], K x {0 {m>n) {T) a ) = Ki(S (ro , n) ) = Z[l/m] and 
Theorem I6.6[ /3o and f3\ correspond to the multiplication of 1/n and 1/m, respectively. 
From an easy calculation, we obtain another computation of i^-groups of 0^ m>n ){T). 
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